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@ FHEFRRZFRIRDER: NEREWNAEIHIE GAN

B gitK 5

INE BAREFRIETA (Global Landscape of GANs: Analysis and Improvement —how two lines of code

change makes difference),

WER, FHIEFRZEERDR UIUC) BNEHIR, ItRARFUFREZFL, BEHEARFESTIELTWIE
T, BERIMBEAFEENF S TRABLEMRR, Facebook ATEBEMARFPOUEEMRRG, HNERERE
FINM. NEFIBOIRDTM RIEAAPEEL TEERTI. T AEN: https://ruoyus.github.io/

EEWS, 8%, WTFERIEAN GAN (Generative Adversarial Network, AWM E), INEBIEHT
EMERZ(E L AROREHFREERNZE LR, AEERAZE L, BINRRBNEN (andscape),
b RIEL JS-GAN B “Zth”, XRBEFRESBIIGBNTRNEE &R ERE, FEEEER, m
RS-GAN (Relativistic Standard GAN) J&BXEFNAM, LMERBEEFNRN., XEFENIMRERIE ESEITIE
B, HEEZHRAHINIET RS-GAN tb JS-GAN RINEELF, X TEILIR(IX GAN B 7 EiFrIIEIe FA9IE
g, Ef/HFERS Tiantian Fang, Alex Schwing &1E5E, RIFGIEXNSZE @ ({On Understanding the
Global Landscape of Generative Adversarial Nets)) ,

—. 84 GAN BB ERNAE
GAN 2 —FhIEE MITIAERIEE, FEREMER, CAN WINGEREA, 4K B imilskilEi ELER,
FENATERZHNE R . EER. £RER. ERRES.

GAN HIFMMNMEEEMERNME: 55—, B GANBESRIEE, FEERAENEESTEILEEERR: £
—, TOANREFERK, FELRRENITERR, ZMRESHT GAN ¥ERINE, FAUANRE@IX
GAN FIEICIEBRAIRIT BN A,

B4R JS-GAN KFE_EBITAE AN RS BN ELHENBRSOHREZ L, BEHMHNREMZ—T min-
max /L, [a)

¢ The problem is ming(p,. py,,). (1)
Py '

where ¢(Pg. Paaa) = max By, 108(D(X)) + log(1 — D(y)) .
« Equivalent to min max L( p, , D), for certain L.
p=}
o Sanity check: Loss ()(p,. Py,,) Is minimized iff p, = P, -
¢ Math subject: min-max optimization, game theory, probability

11 £4R9 JS-GAN
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X GAN BRI R D AFE, —BMNEITTHNAE, BIUXT ISER (= XHt Goodfellow et al” 14).
W-GAN (ZE3#k Arjovsky & Bottou, 2017) . f-GAN (BE 3k Nowozin et al.” 16) MEZHIAR BEX
Bk Arora, Ge, Liang, Ma, and Zhang, 2017) %%, —2MAKNAEE, BAIUZRENIEBRNRAERTE
= (BE ik Daskalakis et al., 2018; Daskalakis & Panageas, 2018; Azizian et al., 2019; Gidel et al., 2019;
Mazumdar et al.; Yazici et al., 2019; Jin et al., 2019; Sanjabi et al., 2018),

WERXERT —NIEEERNERMNR THREIIZICHZEEN =0 S1HZE=(8 (odf space), S2 4R

BRI#=Z= 18] (generator function space), S3 Sz 8] (parameter space) ISR EREMET, EXbR
RENSMEES N6, MELLEEREMRMERTE, EMABIELENDS: 01 FEER&NRG, 027F
ENREER/NRIB, 03 UMEAINKEIZ/E/NR, 04 RGURE,

S1) pdf space S2) generator function space 03) converge to it?  04) How quickly?

S3) parameter
: / space
% | g M=y ‘l_‘ -

01) Is global-min desired? 02) Is there bad local-min?

Source: Adapted from Goodfellow 17’tutorial, bridging theory and practice Source: Adapted from Goodfellow 17 tutorial, bridging theory and practice

20 MEBRARICRATERE 2 pIR IR A

XN TR R AR T FET MELR = (8] LAEISIRE A T AR M= BN SH=E L, MAEIEZE 01
M 02 £, BHFRNHED, IERERMR TERRAZENRHRNRZENER, BAXMBEREERLR
M, BEREBDEIIERE GAN, MIRBEBRMIBERZE, ER=MBRAMEBRE ZHSEINNNLEIL,

(S2) G function @ (S3) parameter
space space

(S1) pdf space

(O1) Sanity [Goodfellow et

e al. 14] This work This work

(R N1 1B G | [Goodfellow et

are good? al. 14] This work This work

Mescheder et al. 18 (linear
D), Sanjabi et al."18, Jin et
al.’19, Chu et al. "20,
Daskalakis et al.’18,Yazici
etal."19, Gidel et al."19

(03,4)
Convergence to Kolter, 2017:
local-min

Nagarajan &

& 3: GAN Wi ft o
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Z. 254k (Empirical Loss) HMiZftifiZk (Population Loss)
N ABEZRAERRE = EIE?

EREXD Min-Max it/ E: minmaxE,_, log D(x)+log(1-D(y)), EMEHMISHEHOTR, HH
ST IR%k (Polulation Loss). %%;(ﬁk {Generative Adversarial Nets) 7EANFR GAN ME—FEXX#L, M
BB T BRI b ( Py Pawe ) T P BOK, R RRATARSEIE B RME P, = Puwe . FEIERHIDHTE
th2EMREE R, BEEIEH (BZ 3k Chy, Blanchet and Glynn’ 19, Johnson and Zhang’ 19) #1
SEIOEY (BE XM Gong et al’ 19, TAC-GAN) , AN FEFINAESHZ ) LR MARE “Dt”, BF
I ERXWFARENBERRBEENH, BEKR, MEBENEALMERBNFXMERZEL RO, TR
FXR—TRUZENRE, FINESESNNAREEMARE, ENTHNEEXRTGME— TR, TURE
NRHNER: NFEERNRL, E,, f(0)WTF p, REOH, X—HERAN T XENBRRBES L P,
MEDBDRERE S, ES—FENEREN), MEZENNRIBRATRFA GAN ST, HRIRIXE
RIS, N EARNREEEERN N — p, ORE, MEBREZUMNE, XERASHINNERAKER,

EHit, #EREAXETRWIRKL Empirical Loss) MAFLEANZ IR, MRHMZBNAEERER. HilzE
i, EIHIEDT Pue IAER 0 PEENEIHA X, X0, R BIRERS T P B R BRBEZE,
BEERY =(1,1,0...0,) eR™HWREZE, HEEFESY, 5 x REHET, EAFERWZHOMTERLE: W

REZBIULENIHASRIGHERBMN, SFAESEINE? HERTEM, SEH (Arora et al” 18) Xt GAN
RS THERAIEIS AT, M thSRIRMNEe. AMABRL TE MR

4: 2 ERTRERY

=. JS-GAN 71 RSGAN B9 #
INEBAEX—IDHLE T —LEEWERE,

{2 T FEXANME LT, BEEMIESIAX, M x,, WESERFS Y, F y, 189555 ETr A4
., EETERYSE, ERBEATHAWERNS X, BUOEE, T GANENT. JHNSHZHE
AER (mode collapse), BRELMBHELR—FRUNES, FEESHE, MINNAERE, SHE
—MBEMRHENA.
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Intuition: Why GAN May Fail
Consider generating two points ¥ = {y.y,}

First, D successfully classifies Y and X

Second, Y moves right, to cross D. L M
Third, D moves right, to classify Y and X — e .

X; X
Fourth, Y moves right, to cross D — e .

1 X3

5: Jtta GAN &5 K?

INEBIND SR RN R AR NEMEALA—TRE. B —THRNAIFRIRA: BRE—ITIR
PEETEE, WRMNXIE 60 D Ris, BAPMENZELELZEIRR 60 DZEMBET: ERURGEHTRE
HUBBDIENE, LEalRT 20% MEIZIAE] 90 DREREFHFR, 5 80% MEFIAR) 60 DREBRIE, ABAZLEL)
AB N EREREARATRUR 3K,

IERBTELENEXT h-GAN Hl R-h-GAN, MEETENXFIETIERRE, h-GAN HESIHARFEMFA
FRY, EXWTF:

h-GAN: min (Y. X) , where (Y, X) = max - 2 h(f(x) + ; h(=f(3) .

Example: in JS-GAN, h(u) = log(m)

(F: REE—TEIR, INENZEMHUERSEAR Y EEERRAS/IM, MAZREENESLHEAX)

M R—h—-GAN XN A B SEAFARFNE B A — h RE S, EXAT:

Relativistic GAN: min ¢, (¥, X) where ¢, p(¥, X) = max L Z h(f(x) — f(y) .
y " ’ f 2n =

1
Example: in relativistic standard GAN (RS-GAN), h(u) = log(—————)
1 + e~/

INE BRIV T R-GAN XFHECXTRYBAE, B EhAFMEIEESRA” coupled-GAN”, {BSE @k (Jolicoeur—
Martineau’ 2019) E£1RFT T R-GAN, AMMIININEREN: SEXHR (Jolicoeur-Martineau’ 2019)
RILT R-GAN TEE5 AR, MiNEERHS LR EERINEE SN #ERshRRETF W-GAN
(Wasserstein GAN):

¢W( =max — Z[f ]

[7,<1 n
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W-GAN 5 JS-GAN EM R X5): —RIEZBEIMKREN N TE M, —F BB ESTHEANE M AR
X7, FrLA W-GAN B 2—FP457k8) R-h-GAN, MBS BREXERRN, tEINTEMRBNRN, BE
IEEERIEAMKREN AL MIIRB T AER, FANFIDUEN: MRFEFFEEEIEAMAENE, FEHEBERN, 30
LIXFER) GAN NIZ2 B BIFAUAUER . MHELE, XHE RS-GAN,

M, 2BEMDH: EXEGL
—EoME—LEVMNRENRE, IERERX—E DA HIELNEL.

BREEEEMTRIER. =HIL TSR

e ok
n=h X2=Y2 Y1 X1 =Y2 X,
State 0: Perfect generation. State 1b: mode dropping.
b —eh A e
X1=Nn=y¥: X X yl 3’2 xZ

State 1a: mode collapse State 2: Both points fake.

6: MRIFEAR

BT EETTE:

~log2 ~ —0.6931 if {1 zah = {ur e} ,
pre(y. X) — | Tlor2/2 % —0.3467 if {err, @2} {n, v} =1, —log2~ —0.6931,  if {1,722} = {y1, 42}
as (Y, X) = 1(21og2 — 3log3) ~ —0.4774, ify1 = y2 € {1, 22}, érs(Y, X) —Llog2m~ —0.3466, if|[{i:z; =y} =1
0 if [{z1, 22} {y1, y2 }[=0. 0 otherwise.

AILLANGE, ERIER 1a, BD(y,Y,)=(X,X,), 7€ JS-CAN RE— N EEABHME; T RS-CAN RIF7E
FERNBEERI R, TEEMEW, JS-GAN WERERR (57 1a) ST —1 A, ™ RS-GAN EfIFE,
REZM, ‘Bt —E+oER, MERENELAE T —TIEMERNENY: —MgEI2R&RIEEREZ
XS, MANFIREIREAN], FEERNBEHRNSRERZ®REEN, MMEHIR/NRIHEE— &, &
NI RE L E.

¢slY, %) Prs(YX)
—3—J = Y 0s—2 S;a S Y
|
AN, —\
048 * /
—0.69 * '/ —0.69 .
(a) JS-GAN b) RS-GAN

B 7: JS-GAN MIRELEHR= S —1 2, M RS-GAN =RENIFB
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BTRT KRG FEREM, AERTELSLEE—R—h-GAN Hl R-GAN 7£ n TESLHFAR LAIZEIL:

Assumption 1: sup i(7) = 0; h(0) < 0; h is concave.
13

' L .
Recall: (v = max 5 2; h(fG) + ) h(=fO0).-

i=1

Theorem 1 If all y; € {x;,X,, ..., X,} but some x; is not in the
generated data set, then Y is a sub-optimal strict local-min of ¢, (Y, X).

¢ In words: “mode-collapse” = “bad basin”

o (n" —n!) basins in h-GAN (e.g. JS-GAN) landscape.

8: h-GAN FEESEHAR ERIEIE

1 n
Gr(Y.X) = max > ; h(fx) = f)) -

Global-min-reachable (GMR): If from any point u, there is a
continuous path from u to a global minimum of F such that
F is non-increasing along the path, we say F satisfies GMR.

e Theorem 2: Y is a global-min of g(Y) = ¢,z(Y.X)
iff {x1.2%....,%,} = {y, ¥, --.Y,). In addition, g is GMR.

¢ This implies: R-GAN (including RS-GAN) does not have bad
basins.

9: R-GAN FEELHEAR FHZEIL

B8R, h-GAN —EFESENESRIR, UMERM. ROER, REBERMENT AN, HEXF
B h-GAN WEFEVMHZIEEZM, ™ R-GAN EBERIFINMER, NMULERAM, MBI LAIER—1ER
NE—ENREBERSI\RIEYE GMR) —MEEMIBERERBEFE—FIHERRIXERR/NR.

INEBIEEZRSUTANER., WRHIIEERBMNLEREBEIHEMESHNNRGC, (2) M 1, (), LEK

LICTEEBBY REISHZEF, E—ERRIREZG THRW TR

Assumption 1 (informal): Both G, (z) and f,(1t) have enough representation power.

IR\ .
ming,(w) where #0%) = max — 3" h(fyx) = fy(G. (&)
w =l
Proposition 1 (informal) The loss function ¢, (w) is NOT global-min-reachable.

n

ming; () where k(1. X) = m;.ng h(ffx) = oG (z)

Proposition 2 (informal) The loss function (thR(w) is global-min-reachable.

100 SR |FHNER

BRI T MBI — R X THEMEE RN T (BE3E L, Ding, Sun’ 2019), HEAIERT &% 5 A
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ZMERBFENRM, FAXD “BBE 2EIMINGTEESERN., X—HENENERESSHHE T
GAN H,

M ESSRIERRS REI— L FRI5, NERTE 2 A —ENEE, ESERIREEEMRBES T R408
EEHEL—£E 2B RRIEERE, FEREITERIR (Graph theory)

A, XEER
INEBREX—HpRER T —LEEBRSTNER,

4.1 BAIEIF
IEBELER T REMDESIHEAR GAN lGER,

BIER), ®lFEIRES, JS-CAN MAMEEMBEARK—RIEEE —EAEMRZBXREH, M RS-GAN Y
AR ANRRE D R T E D H 2 B REEMRMHI ., X17BE RS-GAN Lt JS-GAN JIZHFE IR,

Understanding Training

True data: two clusters (red).
Fake data: blue points.
4-layer neural-net; standard training (alternating gradient descent ascent)

- - ® xe 3 - e xeo =e - m»—‘

JS-
. .,W.H-x,.‘

GAN:
F.._. .

RS- - -
GAN:

data position
o v & o =

data position

D I S

01000 2000 3000 4000 5000 251000 2000 3000 4000 5000
iteration iteration

11: X JS-GAN F RS-GAN #17)Il2k, DITHEAR

NE BB EFRMK Dloss) WA TEREREBNIER, WITE (a)b), BBRERTIIGIFZRERIR
MENR/ME, PJUAER], JS-GAN REARK—ERINEHEEE T &/IVE 0.48) i, XM &/MEREFME
BARIERIER 1o BARRITEFSINE, XREMEBAT —TIERENZM, ¥UBKL: M RS-GAN &
/JME (0.35) 2AMMERT BH&/IR, BEZEDEML. TE (c) & JS-GAN 7£1)IZ 2800 13RI HIE |25
ERER, XEUET ZBIK T 2RI SLAESIFR AL T,

e8e



D function image at iteration 2800

1.2

— Dloss —— Dloss

11 12 10
10 Lo 08
0.9 : 06
08 | 0.8 9

T ool )
07 ”"\‘""\"‘"“‘*""“"t"vwﬂ“.\\ . 06 M
0.6 i ' 0.2

H\\ — D function image at teration 2800
03 : = 00 s
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 2 0 32 4 &
(a) JS-GAN (b) RS-GAN (c) JS-GAN, D image.

B 12: £588R%

NG B T RBE T BT R B 2R JS-GAN M RS-GAN I 2K 5,

4.2 EIFUE
IEBINNERZ LEDH n NELHEARRIEE MG T TEMET . FANOFERE LSS, BN

YIS FZRIA T,

MIEL T AR =D

1. RS-GAN tt JS-GAN MR EF, ERRENINEEIFEELR

2. WFEMMNEMS, XMEEFART;, XEERNEMENSMEL, XEE) JS-GAN % E R 1)

3. FELEENMIAR, S IS-GAN BIIZRKI,

REWIETEA):
1. 7 CIFAR-10 LIZ%, BEIANT4

FID score: lower better. 1S: higher better.

CIFAR-10
Inception Score T FID | Model size

Real Dataset 11.24£0.19  5.18
Standard CNN Y
JS-GAN 6.2740.10  49.13  100% Gap: 15.3
WGAN-GP 6.68+0.06  39.66 100%
RS-GAN 7.02+0.07  33.79 —100%
JS-GAN+ SN 7.42+0.08  28.07 100%
RS-GAN+ SN 7.32+0.08 2716 100%

13: JS-GAN F1 RS-GAN 7£ CIFAR-10 Ei)llZk, 48Xt

AN FEERTR T A ANEE 2NN T SN (spectral normalization) Z G468/ T EAINZELE, XEZFE N SN &3
WESIELF, #EB) JS-GAN HE R,

eQe



2. EREEENNE L#TIIZ, SENTER:

CIFAR-10
IST FID|
ResNet + Hinge Loss
Jghinee 7.92+0.08 21.30

| Gap: 1.2
JS""*+GD channel’2 |7.63+0.05 27.21
JS""°4+GD channel/4  |6.7940.09 37.51
IS""+BottleNeck | 7.1640.10 33.24

)

RhineeHL 8.03+£0.09 19.07 .
R"HLGD channel/2 | 7.69+0.10°22.79 _Gap.09.2 :
R He L GDy channel/4 | 7.1140.06 32.35 with 16% size

Rhinee ML BottleNeck  |7.52+0.05 24.07

14 JS-GAN F1 RS-GAN FEANEI T ERIM L L iTillgk, ERXILE

REBE, EMEEESR 9.2, TATREMEN 1.2,
3. &£ MNIST ERER—"P e m34T1I14R, SIS

IIEEE S O
L A AR > N R N
generator Ir = discriminator Ir

FID score: Lower is Better.

15: JS—-GAN 1 RS—-GAN 7£ MNIST EilllZs, Z583tE

FHURINTNEREEERME, ZANERESAROBERTNER, NOIGHNRNER, MNKEER
KIMSF. BURRB—4ER, EMNNERTFEREX.

AN 5]

NE REXOBRHPITIE T —£XF GAN UIEI8, MEN. LML ="7HEixAT: JS-CANBEZNZ
ih, XS IS-GAN JIZREE. BRTF. BHEW: MM RS-GAN WRHEMAFELF, NS T AEHBMT
JS-GAN, &fa, IANARKERMARNARE, HEig EHIEHIBE GAN 817, ZREFIRITENN. EFF
2509 GAN, fREDREHILIAY GAN B Tt —Hr0IERE, MMMEBRMWMR GAN XM O EFEEENER

e10e



@ Johannes Schmidt-Hieber: MRZE - FETREEITSELE
=X 1 T 382

B fftX TEE

AEZRIERERAR BUEEM" THILIZ L, Twente KF ¥ Johannes Schmidt-Hieber 1 7 &5
{Overparametrization and the bias—variance dilemma) A&, Johannes Schmidt-Hieber & Twente K&
BEIE, 2 Annals of Statistics 5 Bernoulli B98I E %R,

RN EENN, RENRINENDTUD@ENRRE bias) BFHEHE (variance) MR, BRE
SHEZBFEE—MTER: B—MRENEEN L ER RN EHRIZH R, BEER TN, 5
=T AR BRNTER, B—AHH, FENERINIERENRENHZESSHTREX, BESH MG
m, RENRESFHHOMAEEZESRRIVER, I TRIPEREE-TMRIFNZMNEN, BESH I REES
terAEd (B1 75,

double descent and implicit regularization

1 020

10000
|

1010_

error
6000
I

new regime

1

0 2000

B s e e &
0 100 300 500 0 200 400 600 800 1000 1200

number of parameters number of parameters

overparametrization generalizes well ~ implicit regularization

11 IS SRIVIENEIA

BEEMAEMEEXLENNE, AMTRIMESEM (overparametrization) AWM EHIZ M EEN B RIF. B
ESHIEM, —EERNEERNETETRMISZ A K ER2UARBE, JA—NEREFRNES (&1
f) . XMRIUKEIRA WU TFEE” (double U descent) , EHERFIFMLTITE40E, AMVBEUEISHMLHIE
FAER B SFERMIBINENRASRZERI S E, HARMBRSHI “WU TE” &R, WU TE EXHORE
IR EERR? XL ZESIRITAE,

Schmidt-Hieber BEMAITERAR/NTROBEL R, KRRE—TANGE —EE L RH = BNELN (R
% - BEHRE (bias-variance trade-off) B TNFREE, E—ERE LLAEMN ERBNBRE, XFENTRY
MEFHENN TENMER, EEFE—MHEINERRE - DERRAR, TEHUEHR—DHIRAZHEN
‘U B RILAVEHEL.

e11e



Schmidt-Hieber BIREBZR T =2 HRA, DR ESHARFEENERGITTRR, SHEHBTE THNSHF
SIREIN] L2 K TS ETBIRFRE,

1. SATRRFEREAERGTTEE

pointwise estimation
Gaussian white noise model: We observe (Yy)x with

dYy = f(x)dx + n~ Y2 dW,

estimate f(xp) for a fixed xp
%5(R) denotes ball of Hlder 8-smooth functions

e for any estimator f(xo), we obtain the bias-variance lower

bound
~ 1
inf  sup |B|an ’ 1/6 sup Var,c( (XO)) 2=
f fewh(R) feEB(R) n

® bound is attained by most estimators

® generates U-shaped curve

2. BHTARERIANERGITH -

SHTRREELE — MR HENSITFIFSRE Schmidt—Hieberﬂ}%DﬁBE‘\JAT’E%TE REMRBE—T RSB
BRI Holder ==[A) B, HARMETTXTRMERERTMERLENRNRIE. B ER—THERTAE
0, Schmidt-Hieber RS2 T S ARFRENZE RETTEIRAIRE ~ H%‘FE‘% BEX T FREATUE
M, TEENBALAERBRZIDEA, BAMETHENRENAZ - FHRIERIEXR, BEREAIRHY
NFERENEIE,

2. BB THRHFIIRE

high-dimensional models
Gaussian sequence model:
® observe independent X; ~ A (6;,1),i=1,...,n
® O(s) the space of s-sparse vectors (here: s < \/n/2)
® bias-variance decomposition
EpllI6 — 011%) = || Egl0] — 611 + 327, Varg (6))
—_——
B2(6)
* bias-variance lower bound: if B2(9) < vyslog(n/s?), then,

Z Varg ( )47

® bound is matched (up to a factor in the exponent) by soft
thresholding

® bias-variance trade-off more extreme than U-shape

® results also extend to high-dimensional linear regression

3: BHIB THNEEFIIIRE

e12e



S HTF SRR MR E B — S ESTETTER, (EMEMRYTA, Schmidt-Hieber #URSE T X TBHF
SIRIERIRE - HE TR, BIXTFREANGHN, WRBAUZH T ETRRE, BAXTETNLERE —
PEDEFAELMHBRNER, UTH L2 KA THSHAREER,

L°-loss

Gaussian white noise model: We observe (Y,), with

dY, = f(x) dx + n~1/? dW,

* bias-variance decomposition

MISE; (f) == Ey [“? - a"||i?[m|]

. N -1 .
=/ Bias? (f(x)) dx+/ Varg (f(x)) dx
0 0

-

—: IBias?(F) + IVars (£).

¢ S7(R) Sobolev space of F-smooth functions

Bias-variance lower bound: For any estimator ?

o~ 1 1
inf sup | II:""pi.an(f}}l’IJ sup IVary (ﬂ > —,
f feSHR) FESH(R) an

4: L2 R PRUSET AIRAEIRE

L2 R THEHAREFEESER/WR TSI RRAEERMAL, TEXIE—TEE R BIRR G
it, MEXTEEZEENNEN TRRREHTRD . B BHLIE, Schmidt-Hieber HIREFIFE T 5 ER
WS MRETS: TIEMH AT ERBRXNEE, HIHENRENHZ-SUBRINERIEXR, BREAR
BN ERENEIL,

FENSEMUEERENSITZEY, TARIEJLENRTE “WU TEig” MR ENCRET -
MEIAR. WRBNVAABESHENRZO KR @ “TSEN” OBER), RESBHZNEEHEKR, Ba
RIFE LA, HAVIMGER U FTRAZEDERFENREE (SHAREER) A2, BRI,
WU LN ERATERESH T HEEAEKRYN, ESHTHNBRAZSERENERS), RMEER
EREE—THERARANGIETCEA, XMEIMNIREE T EREMMRIVANIENRNSIN ., X TFRIVIENK
NNBE—BERFE, HREAERKERE T TBOZE.,

e13e



@ TERERMTABFI: LRRIMURKR R SRGE

Bl gt W

AE_RIERERAS ‘ATZENIIEEM TWtish, PERNZERBFSAARZMREARRZ. &R
SEH M T EFTN (Optimality Conditions for Constrained Minimax Optimization) (KSR #k/ME R A
MR NiRE.

WER, BHRUNTA T RNABRARLHERBRARIVR, BRI A EEE—FORZE TREX.
Karush-Kuhn-Tucker ZZEROSRAMENE, URBNMERKRBLAN—H. ZHOESRFHERE—NRD &M

.

—. IR E R

11 WRIMERKEIER T A?

WA ABBEBEERNAE, —SFEEMER fxxy >R BN, B—1TE2EBHEHN
f1xxy > REAK, IMERADEEHE. £9%. HEREURSFFNEEMATG ", HMHZH
R M EE RS S EEZE TR R B E P, TLENRRERR, RIVERARAENRE IR
M EBEEER, B9, Generative Adversarial Networks®(GANs) (£ FIIHM4R), Adversarial Training™”
(FHIER) AR Multi-agent Reinforcement Learning”® (Z£ 88145 ) ,

1.2 RIMERKEBIAR S E
(1) GDA A% : GDA(Gradient descent ascent, GDA EENMERIEEAWT @ #HE TR LA ) EHRN/IVE
MARBNR T 5, ZEHE x BE TS KM y BE LAS Kz EE O
Xt+1 = Xt — avxf(xtaJ/t)s Yi41 = YVt + avyf(XhJ/t)
Xt41 = X — Ofvxf(xn yt)a Yi+1 = Yt + avyf(xt+1a Yt)
1B GDA HiEthiFE—LEaa, thal, EMEEEBEMNELEIEZER, GDA At alE RS WEs,

(2) Consensus Optimization: BT IE#E R BN TIMAR BinEREE, SEIFIRMML (consensus
optimization) #98H8: IV, f (%, 3 I +IV . f (3, Il =€

Xer1 = Xe — aV(F(xe, ye) + ’YHvxf(XhJ/t)Hz)
Y41 = Ve — aVy(—f(xt,yt) + ’Y||Vyf(xt=Yt)||2)

(3) Symplectic Gradient Adjustment(SGA): FiEE T )% PSR T XHHEED, MU3ISEARMITHS
EENENIEE A s ==y O N
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(4) H fth & 3% : Subgradient methods for saddle point problems™ (8% £ 5] 87 # )% #% & 75 i%); Optimistic
mirror descent methods"” (FM4E1%& TFE); Proximal point algorithms' " ] Extragradient algorithms™? (#f
SE%. BEE); Non-convex Min-Max Optimization: Applications, Challenges, & Recent Theoretical
Advances FEOE/NEAMM: NA, HEMNSFEECHE) .

(5) HLITHIRE SCA A% BIE “USREBEGEAROINREN A EEEBEL” IBIE, 5. B
1% AR HEREOIDEE (SCA 535", %A% 5 Consensus Optimization /535, ESEARAEE T
& Jacobi %%,

3
G = Voef (X, ye )+ (Ve (X6, ve) — Ve (Xe—1.¥e-1)).

¥]

Xep1 = Xp — 16y

15}
G, = v,f(xr,ywi(vyf(xt,yt) — Yy F(%e 1.y 1)),

Yir1 = Yt + 26y,

1.0 T \
05 & :
FENIE:
rl’ q V
/ W, <
i VWit \
0.0
-0.5 )
] VV(
. W
o T W= WV
5 5 00 05 1.0

1.3 RIMEEISHENX
(1) #1194 Nash equilibrium, {131 (Nash equilibrium) 2RFAEMNSRIEIRE, BIFZHOHARP,
MRARIRYE T B Nash 198 RUE

1w (x, ) Es £ (x, ) o— M, X xy e (x,y), B
f(x*,y) < f(x*,y") < f(x,y").

m(xLy ) 2EE f(xy) W—TRBNHTHE NREES>0, Ba, HEERD (x,y) HE
lx=x"lloHlly-y"llkd, mez
f(x*y) < f(x",y") < f(x,y").

BRI ENTE L, WS EEL TR

o PR L, WHYENRIHTERRENIRNER R 2 BHIRFE .
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o HALEZ T, MBEIHRAZHEA (BIE GAN I #HMERIIEEEX, ERIIEEG, £— it
KT E A — " IR EeBT5.

o L fREONAED - EMES, minx max y [ BEARET max y min x [, Rt RTEIRNIRE X 8 @AY
MREXEE,

3 ERERE, ERIVEIRARANASHINRZINNED, BRMHIEBSIFARNER,

(2) HriB/R1AHE1IE Stackelberg equilibrium, HAE—TIKRAERTE X , Stackelberg YIE R 5 M

= f(x,y) @At #HERAEd(x)=max , [(x,y), EHRENSBRIMRAL,
' 2: (X7, )") REBMNMARAR, & x .y FHEEN(Y,)), FE

f(x*y) < f(x",y") < max f(x,y’).
y'ey

SMHEAE, BFIRETE, BMERE /DI - MR, 2/RIVEIRKRBIALTEFE,

() FEPRIMERA SR, 2019 &, Jin, Netrapalli #1 Jordan[14] FEH R IR L T TTARR/INMEARAKR AR ED
RIEARAR RBVIEFE X o

1o €0, & mas(xy)melx—x KA |y-y'kd, nee

f(x*,y) < f(x*, y") < max f(x,y').
y' ||y =y*||<h(5)
TR THETIE LT (GDA) I T R, HIigH GDA MFRERERESATFEZ FHE R/ IMEIRAS

ZX
ERLERUR.

s

IE b

(4) YRBIMEARKIEE, LR MEARAE) R

i f(x,y), 1
B8 ) .

Hf, R xR o> R, O c R BHEUTIEXFREEE X (90]1T5E
®={xeR": H(x)=0,G(x) <0} (2)

BY  :R" = R" BHUTIE XAEEMRST
Y(x)={y € R™: h(x,y) =0,g(x,y) <0} (3)

Hep, AEES AR xR >R, R xR">R", g R SREG: R >R
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1.4 FR5EHL

HEITRTR, WIMERAMAEERAR F2— Bi-level Programming Problem!®11e7lielior0l21tzel gy 24 4))
B8 , W FITARIELEIED - FEM, Jin, Netrapalli #1 Jordan™ EF ST RI2 H— NEAREER, BIRIVER
KBRS RMNERENRMTA, HRETBIRMNEX—RBBRNERK, FZARHNEM L, &
FITEWLRBMEARK AL (1) WESRNMERKROESCHET TR, HiRE TARRNARARRMN
[ FR B AR IR K SN BRI E AT D RIS

15 ¥ REIBEMRIMEARA SHIEX
EX4 & (XY )eR'xR"ZHE() WEBRACRAS WREE >0 BEH
n:(0,6] >R, FEY S >0 HEH p(5)>0, B4, HEEH 5:(0,5] EXEE
(x,y)e[Bé(x*)mcb]x[Y(x*)mBﬁ(y*)], i

f(x*,y) < f(x*,y") < max {f(x,z) cze Y(x)N Bn({;)(y*)}
—. ERBERS
2.1 AT FRIERRA S
(1) SR IMAEARE: < (X)) eR xR 9—1&, f,g,h 28 (%", 0" ) MEammEsss,
B (P,) &R TFiaam:

maxzepm f(x,2)

s.t. h(x,z) =

, (4)

a8 (P, ) #ofirk&eR B E SO
L(x; 2,1, A) = f(x,2) + p"h(x,2) — AT g(x, 2).

(2) HETEEME—MERM

@ 5: 2 (V' u AT e RN xR H—A R, g (P. ) (V" A7) RO RERT L — S R
8 & (y" ' A") 2198 (P, ) 9 Karush-Kuhn-Tucker &, E:

V, L(x*;y*, w*, A*) =0,
h(x*,y*) =0,
0< A Lg(x*y") <O0.

b) SMIMTARKHRITF Y BEEE

e17 e



{Vyh(x*y"), - Vyhm (X7, y" )P ULV, gi(x7, y™) 20 € e (y7)}
EB&MEMIR, HA
Le(y*)={i g(x*,y*)=0,i=1,...,m}.
O MF A" &Y MHFHEEAEEN
A —gi(x*,y") >0, i=1,...,mm.

o (V407 T MRS BIA AR
(Vo L(x* v, 1", \)dy, dy) <0 Vdy € Ces (),

men C, (y') = Y Wam (P, ) w5

*Y m . Vygf(X*ay*)dy § Oaie Ix*(y*);
Cx*(.y )_ {dy 63% . jyh(X*jy*)dy=0;Vyf(X*,y*)dy§O .

(3) FEEHIRRRRE

B16: & (x,)" ) e R xR 2 [, (¥, y) pmmmrEsamms. 2(4,47) e R xR,

mE@(P. ) (V" a0 A7) SRR BT —5 4. REBRF, >0, &>0, BEE— RHREEHN

88 (v, 40,2): By, (x°) > B, (v )xB, (1) xB, (17), #&%xeB, (x') 5, m@(P.)
VLA ) R R LI —

F|_\1.

(4) EERHHSH, X B @R
p(x) = Fx,y(x)),  x € Bg(x), (5)
SHE 2.1 MRHEZIE 6 MEBRE P AR (6) EX, B4
Vixd(x) = VL(x; y(x), 1(x), A(x))

V2o(x) = VLL(x y(x), u(x), A(x))
—N(x)TK(x)"tN(x).
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[ V5 L(x: y(x)p(x), A(x))
N(x) = th(x(,)y(x)) , K(x) = [Ki(x) Ka(x)];
I Txg(x, y(x)) )
Vi L(x; y(x), 1(x), M(x)) 0
0 —2Diag(A(x))
Ki(x) = Jy h(x, y(x)) 0 ' 6)
| Jelxy) 2Diag (v/~g(x.¥(x))) |
[ Tyh(x,y(x))7 Tyg(x,y(x))"
Kz(X) — g 2Dia'g ( _Og(x:y(x)))
i 0 0

2.2 Karush-Kuhn-Tucker ZZR3EME M
(1) g A
w7 2 (x) ) e R xR gmrA, (V)2 Dwa, mE(P.) &) IHE-MESBRAEY:

sup (Viyﬁ(x*;y*,p, A)dy,d,) <0 Vd, € aff Cer(y") \ {0},
(1—"7)‘)EAX* (y*)

me, C. (") 2y mmm (P ) wissse.

EX8: 2 (x,y) e R xR"HA, WRBRA ()2 D, WP, ) p ¥ (x) BEIER AR,
7 y EAIEITREAAIE - MRS BRI

(2) TRHEMIRIRTE
519 2 (X ) )eR' xR 2 fop (X)) WENHBREETHO A X B A
(P.), mmRAG y" 2 mi, WHEE >0, &>0, B 7% Lipschiz /5 & & & i 5
(voa2): B, (x) = B, (»")x B, (u')x B, (,1*)sﬁﬂ(y(x*),n(x*),/l(x*))=(y*,/f,i*)ﬁ
vyﬁ(X;y(X)nu’(X): )\(X)) = Oa
h(x,y(x)) =0,
g(x; y(x)) = Nygm (A(x) + g(x, ¥(x))) = 0

wes, ¥€B, (¥7) muxeB, (¥ )m =y (x)wam(P. ) omig A,

AR AMREW R > R EXRN
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V2, L06 y(x), w0, AK) Tyl ()T Tyalx ()T
A(x, W) = Tyhlx, y(x)) 0 0

(I = W)Tyg(x, y(x)) 0 w
EERIT AR = R BN
A6(x) = {AG, W) 2 W € BNy (A(x) + glx y (D) }
EEmst AR = R 2R
Ac(x) = {A(x, W) : W e aMlym (A(x) + g(x, y(x)))} .
@ (Ac(x)) mirsmn

W22 2(x',y") e R xR R [, hE (¥, )" ) WEREmRELIHOR, WEa(P. ), Bass
AtEY BRI, &6, > 0731 o s, MEEmst(A,(x)), (Ac(x)) 7y an s, H*ax
F 5e(0,5,). AR xeB(x',0)H, (A,(x))M(A,(x)) FHSITRERES R,

@) REmsRIS
®H23: 2 (X)) eR' xR"2 1 o p(x",)") WENFRERTHIR, WEBA(P. ), BaES
AEY mI. £6,>0, >0, B(y().n().A()) sBEosam, WxeB, (x7), WE

a) (y().n(),A()) = x etamms e

y'(x: dx)
W(xidy) | € {H(x, W)dy : W € 9gMym (A(x) + g(x, y(x)))}
N(x; dy)

o) (¥().m(),A()) 7 x et B s R

y
Os ( u ) (x) € {HOx, W) 2 W € DaMyms (A(x) + 8(x, ¥(x))) }
A

0) (y(-),n(-),/i(-)) 7£ x 4b8Y Clarke generalized Jacobian 7 &

y
o 1| ()€ {Hix W)W e aMgm (Ax) + g(x, ¥(x))) |
A
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(5) fEEBHS
#ie10: 2 (x7,)" ) e R xR R £, g,k (x7,)") winrmmssa s, wam(P.), mams
atey sz, 6,>0, &>0, B(y().n(),A()) m3rosw, mEmzme(x)=f(xy(x))
% B, (x") w5 Lipschitz 154, Wx e B, (x7), w2
8) PIE X ISR
¢(xid) € ViL(xiy(x), u(x), A(x))dx
—{Vyun L0 y(x), (), A(x)) T H(x, W)d
W € DBy (A(x) + g(x. ¥(x))) }

b) @ 7E x 4LH) BRI 2

Ppp(x) C VLl y(x), 1(x), A(X))d
~ {Hx W) 9, i L6 (), 1(x), A(x))
W € OaMym (A(x) + g(x y(x))) |

c) @7t x 4bAY Clarke generalized Jacobian 3# /&
dp(x) C  ViL(x; y(x), u(x), A(x))dx
- {H(Xa W)Tvy,,u,}\ﬁ(X; Y(X)a .PU’(X)a /\(X)) .
W € aMym (A(x) + g(x,y(x))) }

. AR

A —MrigE

mia 0 (X) mast 6 2, BURBIMRADE (1) BB
min  p(x) = f(x, y(x))

s.t. x € ®N By, (x*),

w

g y(x) 2 v HiEe (P) OBSRIMLE, 0 @BAR @) EX.

3.2 ARE o MIGFH#A MFCQ

JFF x* e @, Mangasarian—-Fromovitz AR %M (Mangasarian-Fromovitz constraint qualification) £ y* B
RISHORED, HE

(1) m@sE VH(x"),j = 1,...n R&rEmTre;

() FE—TEEJ e R" 13
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VHi(x*)Td=0,j=1,...,m,VG(x*)Td <0,i € I(x*),
where I(x*) ={i: Gi(x*)=0,i=1,...,n}.

o4, 18 () s C(X) ma

(x*)T / x*);
C(X*):{dxég?": VGI( ) dXSO, EI( )' } (8)

T H(x*)dy = 0; ¢'(x*;dy) <0

apartm—seT, e C(X) Tuann

o  JTH(x*)dy = 0; VGi(x*)d, <0,i € I(x*);
)= o G T < b oo

3.3 BELLE—MEETHIERMME
w1 4 (x ) e R x SR’”%f,g,hzz( V') BSEMFDREL AR, H, G % x LA ES

I

Ris. 2 (x", ") DA () WEBRMARAS, BRURESY (x') 4 y' RRAITAREER
i, WrElE—mE (a5 ) R xR™ (78

V, L(x*y* 1", A*) =0,

h(x*,y*) =0,

0= A" Lg(x",y") <0.

WFEEd, € C.(y"), HR
{V JL(X5 " 1", A")dy, dy) < 0.

g (P, ) & (" ' A" ) BRI LM — 545, B Mangasarian-Fromovitz REHTE ' ABELR
g0, a1 V') e R <R" (g
VL vy, w5 )+ TH(x) Tu* + TG(x*)Tv* =0,
A7) =0. (10)
0<v*LG(x*)<o0.

HRAR (10) E’Jﬁﬁﬁ(u, v*)s@EAaa V(x") &7 ZESR-THESERNE, KA

dx GC(X*) Bzt @ ) THE

max < V2 Hi(x*) +ZV,V)2<XG(X ) dx,dx>

[v,éxz:(x Yt ) = NG TR () AN ()] ds o) > 0,

0220



a2 K (x)mN (x) mast © z.

R CRESBHEEM: B c@B)Y eV(x). 2(u) )R xn", mgam(P,)

X

(' 0 A7) A () = @ mRBA &0, BNENd, eC(x)\D (C(x")mazt © &Y
i uivixHj(X*) + i V"v)%x Gi(X*)] dy, dx> }

B
sup <
(u,v)EA(x) j=1 i=1

+ {([V2L(x* y*, p* A*) — N(x*)TK(x*)"IN(x*)] dx, dx) > 0.

EZco) G(O, 50), & E(O, 80)57/1 >0,7,>0, (#5355 x € By (x*)r\@, yeB, (y*)mY(x*)
R
PO ) tnly=y IP/2 < Fxy) < sup fx, 2)=mallx—x"|?/2

zeY (x)NBg, (y*)

mELE (X V) 2 (1) WBERIMARAR,

34 (Big A FH—MUEBME

213 2 (X)) eR xR 2 £, g, h 2 (X, )" ) WENFREETHIOR, H, GXx IE0EEH
. 2 (%, ") M () WBBRIMABAR, BRORESY (X)) NS IHRTARE
i, WEak—mE(uh A7) eR™ xR™ 5

VyL(x*;y*, p*, A*) =0,
h(x*,y*) =0,
0> X2 Lg(x*y*)<O.
WFERd, eC.(y"), HR
{V JL(X5 " 1", A")dy, dy) < 0.

@ (P )& (v, 44" ) WFERER A, BARE D Ex FHR Mangasarian-Fromovitz LIRE(, N
ﬁ?’f(u*, V*) c SR”I X mﬂz , W (S aHRinz (ﬂ'* + g(x*ay*))'f@?%

Vi L(x55 v, gty X7) = HOx W) TV, L(x7 v, 5, A7)
+TH(x)Tu*+ TG(x*)Tv* =0,

H(x*) =0,

0<v* L G(x*)<0.

(11)
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BRAR (1) wrra (1 V) wEasA(x) £7, BESR—MFERINE,

3.5 Wit BEREERLRBIVERKMRI?
AET—HHMRSD, BRIRTEERESURIRNMUARKM R

inmax L(x, y) := f(x) + K(x,y) —
minmax L(x, y) := f(x) + K(x,y) — &(y),

Heh X Y 2MMERY Hibert =8, K: X xY — R EEEAMEY, f X >RHMg: Y >REE
ST FESEORE, MIRENRELITERBEHERIRTEE —ENREE.

SEXM

[1] Roger B Myerson. Game Theory. Harvard University Press, 2013.
[2] Oskar Morgenstern and John Von Neumann. Theory of Games and Economic Behavior. Princeton
University Press, 1953.
[3] lan Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil Ozair,
Aaron Courville, and Yoshua Bengio. Generative adversarial nets. In Advances in Neural Information
Processing Systems, pages26722680, 2014
[4] Aleksander Madry, Aleksandar Makelov, Ludwig Schmidt, Dimitris Tsipras, and Adrian Vladu. Towards
deep learning models resistant to adversarial attacks. arXiv preprint arXiv:1706.06083, 2017
[56] Shayegan Omidshafiei, Jason Pazis, Christopher Amato, Jonathan P How, and John Vian. Deep
decentralized multi—-task multi—agent reinforcement learning under partial observability. arXiv preprint
arXiv:1703.06182, 2017.
[6] Lillian J. Ratliff, Samuel Burden, and S. Shankar Sastry. Characterization and computation of local
nash equilibria in continuous games. In 51st Annual Allerton Conference on Communication, Control,
and Computing, Allerton 2013, Allerton Park & Retreat Center, Monticello, IL, USA, October 2-4,
2013, pages 917924, 2013.
[7] Lars Mescheder, Sebastian Nowozin, and Andreas Geiger. The numerics of gans. In Advances in
Neural Information Processing Systems, pp. 1825-1835, 2017
[8] David Balduzzi, Sebastien Racaniere, James Martens, Jakob Foerster, Karl Tuyls, and Thore Graepel.
The mechanics of n—player differentiable games. In International Conference on Machine Learning, pp.
363—372, 2018
[9] Nedi, Ozdaglar A. Subgradient Methods for Saddle-Point Problems[J]. Journal of Optimization Theory
& Applications, 2009, 142(1):p.205-228
[10] Mertikopoulos, Panayotis, et al. "Mirror descent in saddle—point problems: Going the extra (gradient)
mile." arXiv preprint arXiv:1807.02629 (2018)

[11]1B. S. He, X. M. Yuan and W.X. Zhang, A customized proximal point algorithm for convex minimization
with linear constraints, Comput. Optim. Appl., 56: 5569-572, 2013.

[12] Gidel, Gauthier, et al. "A variational inequality perspective on generative adversarial networks." arXiv
preprint arXiv:1802.10551 (2018)

024



[13] Wei Peng, Yu-Hong Dai, et al. Training GANs with centripetal acceleration. OMS, accepted

[14] Jin C., Netrapalli P. and Jordan M. I., What is local optimality in nonconvex—nonconcave minimax
optimization? arXiv:1902.00618v2 [cs.LG] 3 Jun 2019.

[15] Dempe S., Foundations of Bilevel Programming, Kluwer, Dordrecht, 2002.

[16] Dempe S., A necessary and a sufficient optimality condition for bilevel programming problems,
Optimization, 1992, Vol. 25, pp. 341-354.

[17] Falk J. E. and Liu J., On bilevel programming, Part |: nonlinear cases, Mathematical Programming,
70(1995), pp. 47-72.

[18] Ye J. J. and Zhu D. L., Optimality conditions for bilevel programming problems, Optimization,
33(1995), pp. 9-27. with correction in Optimization, 39(1997), pp. 361-366.

[19] Dempe S., Dutta J. and Mordukhovich B. S., New necessary optimality conditions in optimistic bilevel
programming, Optimization, 56:5-6(2007), pp. 577-604.

[20] Dempe S. and Zemkoho A. B., The bilevel programming problem: reformulations, constraint
qualifications and optimality conditions, Math. Program., Ser. A, 138(2013), pp. 447-473.

[21] Dempe S., Mordukhovich B. S. and Zemkoho A. B., Necessary optimality conditions in pessimistic
bilevel programming, Optimization, 63:4(2014), pp. 505-533.

[22] Mehlitz P. and Zemkoho A. B., Sufficient optimality conditions in bilevel programming,
arXiv:1911.01647v1 [math.OC] 5 Nov 2019.

[23] Jin C., Netrapalli P. and Jordan M. I., What is local optimality in nonconvex—nonconcave minimax
optimization? arXiv:1902.00618v2 [cs.LG] 3 Jun 2019.

e25e.



@ L XHARGME: SERBENTASE —H5IH
B WEHE TH

WE, ERAFMRR, BRFE.
B EFHIEZZ (Instrumental Variables for Multiple Causal Inference: Old and New),

FEIRES, MFERE T ERBEESIAZKFNATEETNEARIER, DM BLERSE S P LEBRLT
MEREIEEEHETNEAREME— T2 EENDE, RCNNEEIESEEFTRANERSTE
ESHNEERE, WEINMESESS MEERENERN, UUNTEE—TREEMEITFEOEEER
e, B— " ZERREMDR, HIZERZERRIER DT+ OWEELREFTER.

XEOBANFEREET, URFERAMNERENZ—DNRIVEIRRRZE (confounding) &0E, TEEIHEER
ANERNUTMNFSHIREE. AT EFHREWUAERRAR, ERREHNTE—MRELNFEZSIAL
A I & (instrumental variable), —fi§ME, LTRAZEHE —ENFHZET AR RREETRNRE.
TETSNERERIZEE:

s TRTE5RATENIT;
« TEZE5EERERNRIL
s HERBERAINERZE, ERNTIETEIRI.

NTFZEERREMEE, EERMERIRT, HNTUBMHRE/NFRERGETT S NEEREXNEROTIN,
HBAAT AR WERINEEREMNIETEMTT TREENEERENSM, MERAIETEMNSINEL
REFRNEEZSE, ERFNAZE, FRLMELIEIEERRNERZMAVET,

P> Invalid IVs are prevalent; it is more
feasible to consider

y=Zotg+Xﬁ(,+?],
X =zl +E,

where ay € R9 is the direct effect
and 8, € R” the causal effect

» Correlation between E and » induced o @
by unobserved confounding

T BREFHAH NS 4T AT SR

EREIBNERRE=FTHEN, UMELEXERRINERTEERTN E 1), BERXBRAHNEK
BNSRAMITEFAESEFNRAMNEE, BTREBRERENERNTMFRGT, TRESXNERNZINA
BERANERNTIMLIEE D TR, M—RBELT, TEZENERNZMAEERANERNTITZT
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ERX TR, MBEIMER T HEMNERRAL ERSE TERGEX e, HaEE T o MHNEIR
AR,

6% ag
\ \

N \
g+ ¢y o + ey

» Identifiability results

e Definition. The spark of a vector space ® is spark(®) = min{||¢|o :
0 # ¢ € ®}. The cospark of a matrix is the spark of its column space

e Local identifiability in {, balls: Assume Is. is of full column rank. The £,
problem with constraint ||egs|| < k has at most one solution for any §g if
and only if k < cospark([ls.)/2, where S= {1 <j < q:yy # 0}

e Equivalence of {; and ¢, solutions via column space property

2: PLHRAIME

AIMEER, RETEZENHANAIINURS, ERRETIAZTENERETEXMN TR TETEXEERRA
T REAVFE TR cospark AR —+ 0 &), TRTEMEEREANEROZIHM AT URE DK, 7]
AR A] S BIRIE,

» The 25R-/l methodology
e Stage 1. Estimate Iy from the cause model by

1 ¢
£ —argmin |_-x - 212+ Y w1y}
r n =
and obtain the predicted causes X = ZI"
e Siage 2. Estimate ay and 8, from the outcome model by
PN |1 P
(@B) = argmin | 1y~ za - B + el
o, B n
e Use the validity-restricted debiased estimator
e e 1. T R N
(%)= (") + siEee 207ty - 2ol - xB)

for statistical inference

3: MMERIENICT A

AT BRHIEBEREXNEROZIDEIT LR, MERETRMBRIENCEE ZBTHEDRIME. 5,
FF Lasso 5AMGTT TRZEXBRERANTNG, FELSITNNEERR. 524, HTRETEWERN
FIOZRENEN L1 IENI, BUADBIKREGTEESMERRANERNFN, KEAEFNEINEREITE
REMAGESITERT. XRENGITAIERRMMIES S, SEHENMPEMRIFRE, &MY LT EN
METE SNBSS P MRIEERERARN, HMBERMETNEREIIRDE. BERNESRIIZRNEERS
AR BHEMEIRITAREAIRTT) AR
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> Deterministic design conditions
o k(Z,Mi(s1),3) = k1 > 0, where My(s)) ={JC{1,..., gt |J| = s}
e k((Z,Z6), M3(s2).3) = k2 > 0, where
Ma(s2) ={JU{g+1,.... g+py:JCil,..., g} |J| < s2}

> Nonasymptotic error bounds

e First-stage estimation
s Second-stage estimation:

sy logqg
n

~ - 64C
& ol + 1B = Byl = =5 (524 p)
2

2

R o = ) 6405
|Z(& —eo) + X(B —Bo)llz < -5 51(52+p)logq

KiK3

B 4: FNERENEGIHENEIRFRIE (WESRBEMAME)

AUER, MRHESFHEMERIT, WRMERENAENMEITERE L1 EETEEE0, MERNFINRE
tmELE) BEET 08,

> Random design conditions
b4 0 <7 S fluun(@) =< lmlx(g) =< Ta < O0
o ||Dges(Dgg) oo < 1—afor0O<a<1,whereB=AU{g+1...., q+p}

» Distributional properties
o Valid set recovery: P(V = V) > 1 — ¢ g~
o Asymptotic distribution:

Qye —ogve)
‘T( BB, )’"““

where U|Z ~ N(0,0;MKMT) and

lo
P (\lﬁ\lm > (Cr52/31 + Cas1) 2T | (Csts24/51 + Carn)+/l0g q)

Jn
=q
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